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The Kubo formula for the shear viscosity of a Debye-Hiickel plasma is evaluated by an extension
of Ernst’s method. In the main the result can be shown to be equivalent to the result derived by
Braux from the Lenarp-Barescu equation with the Cuapman-Exskoc method. Moreover a correction
of Braun’s result can be given as caused by the particle interaction.

1. Introduction

In classical statistics transport coefficients for
special systems may be obtained from the Liouville
equation in two different ways. On the one hand,
kinetic equations for special systems which are solv-
ed in the hydrodynamic approximation for small
deviations from equilibrium, are derived by corre-
sponding approximations. With the solutions of
these linearized equations the transport coefficients
are calculated. On the other hand, general expres-
sions for transport coefficients, so-called Kubo for-
mulae, are derived from the Liouville equation by
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linearization (vid. e. g.1). The transport coefficients
are represented by equilibrium averages of micro-
scopic time correlation functions. The Kubo for-
mulae have to be evaluated for special systems.

For a plasma in Debye-Hiickel approximation, the
Lexarp-BaLescu equation? is valid as a kinetic
equation for the one-particle distribution function
ny,¢. This equation can be derived by perturbation
expansion and partial summation assuming the mean
effective strength of the internal interaction to be
much smaller than the mean thermal energy and as-
suming further the effective range of the interaction
to be the Debye length 3. In 3 it took the form
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describes a non-stationary screening of the potential.

Transport coefficients for a plasma were calculated
by Braun 1967  from the LENarD-BaLEscu equation
using the Chapman-Enskog method. Here the cor-
responding Kubo formalism will be described. The
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procedure will be demonstrated at the shear visco-
sity because of its simplicity. It does not differ es-
sentially for other transport coefficients. The Kubo
formula for the shear viscosity is evaluated with the
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method of Ernst ! who developed it for dilute gases.
It leads to the same integral equation as was derived
and further evaluated by Braun“. Moreover a cor-
rection to Braun’s formula can be given as caused
by the internal interaction. It agrees in orders of
magnitude with the results of Krimontowrrsca and
EseLinG 5. They estimated the correction for the cor-
responding current density (press tensor) using a
corrected LENArRD-BaLEscu equation. For normal
plasmas the correction may be neglected.

In part 2 the Kubo formula for the viscosity is
transformed by introducing reduced time correla-
tion functions. Calculating it leads to the same many-
body problem which was solved approximately with
the derivation of the corresponding kinetic equation.
Therefore in part 3 the corresponding linearized
kinetic equation for the reduced time correlation
function can be used, and it can be transformed into
an integral equation.

2. Representation of the Transport Coefficient

The Kubo formula for the shear viscosity # in
the homogeneous and isotropic case can be written
in the form !:

(J#[exp{ —itly N} —1] M),
(3)
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where the Einstein sum convention for Greek letters
is used. (k& Boltzmann constant, T temperature, V'
volume, 1y Liouville operator). /% means a com-
ponent of the symmetric microscopic momentum
current tensor depending on the coordinates and
momenta 1...N:
J — ISNEiOApi = I LE:N (r..o auii + af‘ﬂor)
T3 m 4 {5 " ar,-,- ar,-,- v)p
I =04-10;. (4)

The microscopic moment tensor is defined by
L.N
= -2 [mon+rop— $I(t;p)]. (5)

(I unit tensor). The brackets (...) symbolize the
equilibrium average with the canonical ensemble:
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(h1..y Hamilton function, h; unperturbed one-par-
ticle energy, us, interaction). The other transport
coefficients — bulk viscosity, thermal conductivity
etc. — differ from (3) only in the factor preceding
the average in (3) and in the one- and two-particle
quantities in J and M. Therefore they can be treat-
ed in an analogous way.

Formula (3) can be transformed by introducing reduced time correlation functions

1 d(s+1)...dN
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resp. difference functions AYP o =P o — 0. (8)
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The first term in (9) is called kinetic part 7y, and
the second one interaction part 7, relative to their
origin.

The reduced correlation functions contain the
evolution operator exp[ —i 7l y] which, if applied
to the initial distribution function, gives the formal

solution of the Liouville equation. Therefore the
reduced correlation functions satisfy the BBGKY
hierarchy. In order to calculate them one has to
solve the many-body problem. This can be done ap-
proximately as in 3 by means of perturbation ex-
pansion and partial summation. For this purpose a

5 Yu. L. Kuivontowrtsce and W. Esering, Wiss. Veroff. d. Universitdat Rostock 1962, H. 2, 355.
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dimensional analysis of (9) is performed as in 3. It
leads to a double expansion of # in the two system
parameters: dilution parameter Nry® (N mean
particle density, r, effective range of the interaction)
and coupling parameter ug/kT (u, mean effective
strength of the interaction) :

Nkin =N g Po [77 kin)+ Z (Nred)n (**)
1...00 0 m
Nt =Nry Po gm(w ro’)* ( Z T) nimm.

In a plasma we have the Coulomb interaction with
infinite range. Therefore even for dilute plasmas the
parameter N r,® with the effective range r, will be
large. The coupling parameter is small in many
cases. If one chooses

(n,m)
n klnm ",

(10)

fi;<1, Nrd3>1, Nr, ~A~1 (11)

as a condition for the partial summation, one has
taken as mean range the Debye length ro~Vk T/N €*
because of uy=€?/r, and Nry3-uy/kT~1. Indeed
the Debye length appears in the plasma by collective
effects. Because of (11) one has to take into ac-
count all terms of (10) with (N 7.3 uy/kT)" and
(uo/kT) (N1 ug/kT)" for all n=1, 2,... . Thus
we obtain in the Debye—Hiidcel approximation:

(0,0)
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The #©®9 and % are dimensionless and of order
one. According to this approximation the reduced
correlation functions have to be calculated.

3. Approximate Calculation of the Reduced
Correlation Functions

As the reduced correlation functions satisfy the
BBGKY hierarchy and as the same partial summa-
tion under the conditions (11) has already been
performed in the case of kinetic equations 3, follow-
ing Ernst! one can use the corresponding kinetic
equation — here the LENaRD-BALEscU equation —

nO =N[2amkT] " exp {——
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for the one-particle correlation function wy,.:
a 7] o

il _ B

l ot Y1,z ller (13)
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which is linearized near equilibrium relative to
small deviations from

1 2
The second term on the right-hand side of (13) is
the Vlasov term. Because of the coordinate indepen-
dence of Ay, .=y . +y1,0 and the form of vy,
(19) it is equal to zero as can be shown by partial
integration relative to T, .

In (13) the linear integral operator

Ay =[d2la (wEnd® +93.n?)  (15)
0) -

is introduced. The collision operator @iy is in the
case of the LENarD-BaLEscU equation

df
oy Pl =it Tya) (16)

e (B2 )ut (5 - )

where &% = & ¢[n{”] means &9 depending only

on the Maxwell distribution (14). In this form the
linearized LEnArD-BaLEscu equation was also used
by Braun 4, but for the one-particle distribution ny, ;.

Because of the coordinate independence of Ay .,
and because of the time independence of ;¢

9 B 3 afB

~_ '(Palt,t = 7‘A'q"1,r (17)
Jr ot
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are valid. Then (13) becomes an equation for

Apy, =1, .+ Y10
3
’a*AWn—ll%o + A M+ AySh, (18)
where
Y% = — 3[r,aP1s+71,8P1a— 30asp],11,,] ¥
(19)

is a known function [vid. (7)].
In (9) only vy  is needed; therefore in (13)
the limit 7 — oo has to be taken. Then

lim —a— Ay =0 (20)

T—>00 a

has to be valid in order to get an constant expres-
sion for Ayy, o and (9). This is true if the kinetic
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equation is irreversible such as the LENnarp-BaLEscu
equation. Then (18) becomes an integral equation:

A MyF = —Lyth — AwTh (21)
Following Ernst one has now to expand the right-
hand side of (21) corresponding to (12) in order
to get an expansion of Ay . and thereby (12)

5(PL;P2f>f(gil__gi2
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In the Debye-Hiickel approximation the kinetic part
of 7 thus contains only 7% , where Ay, ., can be
obtained from the integral equation

1
AP, — —i . [p12p1f— 30 p17 p1,,] 1@

(23)
after applying 1 to vy o. This integral equation has

been found and solved by Braun!. For reasons of
symmetry he made the ansatz

af

1
Ay = . [p12p1f — 36 pi7 p1,,]1 B(| 1)) ni©@,

(24)
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for 7. In the zeroth approximation for 73 one

has to neglect A vy ¢ in (21), because it is of the
order (ug/kT) (Nrg* ue/kT)". The term %@ in
(12) can stem only from the Vlasov term, which
vanishes. Therefore 7® is zero. Moreover the term
Ay o in (21) is zero, because it contains

(22)

n®n® 0.

so that only the scalar function B(|p, l) from (23)
with (24) is necessary for the calculation of Ay .
Now the comparison of the first BBGKY equation

.0
ine v =hyi + [d2le vy  (25)
with (13) shows that in this approximation
WIZ 7 S a(lo2) (w%ﬁ "'2(0) -+ W%e,z nl(O)) (26)

is valid. Because of symmetry ;2 o does not contri-
bute to (9), and because of A 5% =0 one gets

By way of summarizing one obtains for the shear viscosity of a Debye-Hiickel plasma

1
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where only B(|b; ]) has to be calculated from (23)
with (24). This has been done by Braun?, who
found only the term 7y, . As in (12) the first term
for #y stems from the Vlasov term and therefore
vanishes, the estimation
I'D = V =
(29)

nintw i
Mkin

Uy Ty
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A‘/}Tgo =‘a (AWIOOn(ZO) +'Awgé,oon(10)) (27)
with a{® from (16).
8u12 8u12 ) 0)
(7'12, “Bris. +Tri2,8 B ay? (28)
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can be obtained from (12). It is in agreement with
the results of 5. For a typical plasma the plasma
parameter is uy/kT =rp/rp~107% and the inter-
action part may be neglected.

So the Kubo formalism leads to the same results
as derived from the kinetic equation. Moreover for-
mula (28) makes it possible to exactly calculate the
interaction part of the viscosity.



